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Abstract. We describe a class (called regular) of invariant generalized
complex structures on a real semisimple Lie group G. The problem reduces
to the description of admissible pairs (k, ω), where k ⊂ gC is an appropriate
regular subalgebra of the complex Lie algebra gC associated to G and ω is a
closed 2-form on k, such that Im
(
ω|k∩g
)
is non-degenerate.
In the case when G is a semisimple Lie group of inner type (in particular,
when G is compact) a classification of regular generalized complex structures
on G is given. We show that any invariant generalized complex structure on a
compact semisimple Lie group is regular, provided that an additional natural
condition is satisfied.
In the case when G is a semisimple Lie group of outer type, we describe
the subalgebras k in terms of appropriate root subsystems of a root system
of gC and we construct a large class of admissible pairs (k, ω) (hence, regular
generalized complex structures of G).
1 Introduction
Let M be a smooth manifold. We will denote by TM = TM ⊕ T ∗M the
generalized tangent bundle of M , defined as the direct sum of tangent
and cotangent bundles, and by gcan the canonical indefinite metric on TM ,
given by
gcan(X + ξ, Y + η) :=
1
2
(ξ(Y ) + η(X)) , ∀X + ξ, Y + η ∈ TM. (1)
A generalized almost complex structure [8, 9] on M is a gcan-skew-
symmetric field of endomorphisms
J : TM → TM
1
with J2 = −Id (where “Id” denotes the identity endomorphism). A general-
ized almost complex structure J is said to be integrable (or is a generalized
complex structure) if the i-eigenbundle L = T1,0M ⊂ (TM)C of J (called
the holomorphic bundle of J) is closed under the complex linear extension
of the Courant bracket [·, ·], defined by
[X + ξ, Y + η] := [X, Y ] + LXη − LY ξ − 1
2
d (η(X)− ξ(Y )) , (2)
for any smooth sections X + ξ and Y + η of TM. Complex and symplec-
tic structures define, in a natural way, generalized complex structures and
many definitions and results from complex and symplectic geometry can be
extended to generalized complex geometry. This paper is concerned with
invariant generalized complex structures on Lie groups.
Section 2 is intended to fix the notations and conventions we shall use
along the paper. We recall basic facts we need about real and complex
semisimple Lie algebras, invariant complex structures on homogeneous man-
ifolds and generalized complex structures on manifolds. Our approach follows
closely [8, 10, 15].
In Section 3 we present an infinitesimal description of invariant general-
ized complex structures on Lie groups, in terms of the so called admissible
pairs. The holomorphic bundle L of an invariant generalized complex struc-
ture J on a Lie group G, with Lie algebra g, can be defined in terms of a pair
(k, ω) (called g-admissible), formed by a subalgebra k ⊂ gC and a closed
2-form ω ∈ Λ2(k∗), with the property that ωl := Im
(
ω|l
)
is non-degenerate,
where l = k ∩ g is the real part of k ∩ k¯. The general theory of closed forms
defined on Lie algebras was developed in [2]. At the end of this section we
assume that k decomposes into an ideal p and a complementary subalgebra
s and we find necessary and sufficient conditions for a 2-form ω ∈ Λ2(k∗)
to be closed (see Proposition 10). This result gives a distinguished class of
admissible pairs (see Proposition 11) and will be used repeatedly in the next
sections.
In Section 4 we begin our treatment of invariant generalized complex
structures on semisimple Lie groups. An invariant generalized complex struc-
ture J on a semisimple Lie group G and the associated g-admissible pair (k, ω)
are called regular if k is a regular subalgebra of gC, i.e. is normalized by a
Cartan subalgebra hg of g = Lie(G). We describe all regular g-admissible
pairs (hence also the associated generalized complex structures on G) where
g is a real form of inner type and hg is a maximally compact Cartan sub-
algebra of g (see Proposition 15 and Theorem 16). We study how these
generalized complex structures can be reduced to the normal form by means
of invariant B-field transformations (see Proposition 18). At the end of this
2
section we show that any invariant generalized complex structure on a com-
pact semisimple Lie group G, with Lie algebra g, is regular, provided that
the Lie algebra k of the associated g-admissible pair has the property that
k ∩ g generates a closed subgroup of G (see Theorem 19).
Section 5 is concerned with regular generalized complex structures (or
regular admissible pairs (k, ω)) on simple Lie groupsG of outer type, using the
formalism of Vogan diagrams. The classification of the subalgebras k reduces
to the description of the so called σ-positive root systems (see Definition 13).
We describe explicitly these systems and we obtain a large class of regular
generalized complex structures on G.
The results of Sections 4 and 5 may be seen as complementary to some
previous constructions of invariant generalized complex or Ka¨hler structures
on some classes of homogeneous manifolds (e.g. nilpotent or solvable Lie
groups and their compact quotients [1, 6, 7], homogeneous manifolds G/K,
where G is a compact Lie group and K a closed subgroup of maximal rank,
and adjoint orbits in semisimple Lie algebras [11]). They also complement
a result of M. Gualtieri, namely that any compact semisimple Lie group of
even dimension admits a H-twisted generalized Ka¨hler structure (see Exam-
ple 6.39 of [8]).
Acknowledgements. We are grateful to Paul Gauduchon for his interest
in this work and discussions related to the theory of real semisimple Lie
algebras. We thank the referee for his useful suggestions and comments and
for pointing to us the articles [1, 7, 11]. This work is partially supported by a
CNCSIS - PN II IDEI Grant, code no. 1187/2008, and Hamburg University.
2 Preliminary material
2.1 Invariant complex structures on Lie groups and
homogeneous manifolds
2.1.1 Invariant complex structures on homogeneous manifolds
The Lie algebra of a Lie group will be identified as usual with the tangent
space at the identity element or with the space of left-invariant vector fields.
Let G be a real Lie group, with Lie algebra g, and L a closed connected
subgroup of G, with Lie algebra l. Suppose that the space M = G/L of left
cosets is reductive, i.e. g has an AdL-invariant decomposition
g = l⊕m. (3)
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We shall identify m with the tangent space ToM at the origin o = eL ∈ G/L.
An invariant complex structure J on M is determined by its value Jo at o,
which is an AdL-invariant complex structure on the vector space m = ToM .
Let m1,0 and m0,1 = m1,0 be the holomorphic, respectively anti-holomorphic
subspaces of Jo, so that
mC = m1,0 ⊕m0,1. (4)
The invariance and integrability of J mean that k = lC + m1,0 is a (com-
plex) subalgebra of gC. Conversely, any decomposition (4) of mC into two
vector spaces m1,0 and m0,1 = m1,0 such that k = lC + m1,0 is a subalgebra
of gC, defines an invariant complex structure on M . We get the following
well known algebraic description of invariant complex structures on reductive
homogeneous manifolds.
Proposition 1. Let M = G/L be a reductive homogeneous manifold, with
reductive decomposition (3). There is a natural one to one correspondence
between:
i) invariant complex structures on M ;
ii) decompositions mC = m1,0 ⊕m0,1, where m0,1 = m1,0 and k = lC +m1,0
is a subalgebra of gC;
iii) subalgebras k ⊂ gC such that
k+ k¯ = gC, k ∩ k¯ = lC. (5)
In particular, ifM = G is a Lie group, there is a one to one correspondence
between invariant complex structures on G and decompositions
gC = g1,0 ⊕ g0,1,
where g1,0 and g0,1 are subalgebras of gC and g0,1 = g1,0.
2.1.2 Some basic facts on semisimple Lie algebras
We fix our notations from the theory of semisimple Lie algebras.
Complex semisimple Lie algebras. Recall that any complex semisim-
ple Lie algebra gC has a root space decomposition
gC = h+ g(R) = h+
∑
α∈R
gα
4
with respect to a Cartan subalgebra h, where R ⊂ h∗ is the root system of
gC relative to h and for any subset P ⊂ R we denote by g(P ) the direct sum
of root spaces
g(P ) :=
∑
α∈P
gα.
Along the paper we will denote by Eα ∈ gα the root vectors of a Weyl basis
of g(R), which have the following properties:
i)
〈Eα, E−α〉 = 1, ∀α ∈ R,
where B = 〈·, ·〉 is the Killing form of gC;
ii) the structure constants Nαβ defined by
[Eα, Eβ] = NαβEα+β, ∀α, β ∈ R
are real and satisfy
N−α,−β = −Nαβ , ∀α, β ∈ R.
We will identify the dual space h∗ with h using the restriction 〈·, ·〉 of the
Killing form to h, which is non-degenerate on h and positive definite on the
real form h(R) of h, spanned by the root system R ⊂ h. For a set of roots
P , we will constantly use the notation P sym := P ∩ (−P ) for the symmetric
part of P and P asym := P \ P sym for the anti-symmetric part.
Real semisimple Lie algebras. Let g be a real semisimple Lie algebra.
Its complexification gC is a complex semisimple Lie algebra and g = (gC)σ,
that is, g can be reconstructed from gC as the fix point set of a complex
conjugation or antiinvolution
σ : gC → gC, x→ x¯,
that is, σ is an involutive automorphism of gC, as a real Lie algebra, and
is antilinear. One can always assume that the antiinvolution σ preserves a
Cartan subalgebra h of gC. Then hg = h
σ := h∩ g is a Cartan subalgebra of
g. The antiinvolution σ acts naturally on the set of roots R of gC relative to
h, by
σ(α) := α ◦ σ, ∀α ∈ R
and
σ(gα) = gσ(α), ∀α ∈ R.
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The compact real form of a complex semisimple Lie algebra gC is unique
(up to conjugation) and is defined by the antiinvolution τ (called compact)
given by
τ |h(R) = −Id, τ(Eα) = −E−α, ∀α ∈ R.
Assume now that g is a real form of gC, not necessarily compact. Consider
a Cartan decomposition
g = k⊕ p
of g and let θ be the associated Cartan involution, with +1 eigenspace k and
−1 eigenspace p. The real form
u = k⊕ ip
is compact, the corresponding antiinvolution τ commutes with θ and g =
(gC)σ, where σ := θ ◦ τ . A θ-invariant Cartan subalgebra hg of g decomposes
as
hg = h
+ ⊕ h−, h+ ⊂ k, h− ⊂ p
and any root of gC relative to (hg)
C takes purely imaginary values on h+ ⊕
ih−. The Cartan subalgebra hg is called maximally compact (respectively,
maximally non-compact) if the dimension of h+ (respectively, h−) is as large
as possible. The real form g is of inner type if θ is an inner automorphism
of g, that is, it belongs to Int(g). The definition is independent of the choice
of θ, since any two Cartan involutions of g are conjugated via Int(g), see e.g.
[10, p. 301]. It can be shown that g is of inner type if and only if there is a
(maximally compact) Cartan subalgebra hg included in k, see e.g. [5, p. 24].
Then
σ(α) = −α
for any root α of gC relative to (hg)
C. Any compact real form is a real form
of inner type.
A non-inner real form g (and the corresponding antilinear involution) is
called outer. For such a real form, the Dynkin diagram of gC admits a non-
trivial automorphism of order two, defined by the Cartan involutions of g
(more precisely, any Cartan involution θ permutes a set of simple roots of gC
relative to (hg)
C, where hg ⊂ g is a maximally compact θ-invariant Cartan
subalgebra, giving rise to the resulting automorphism of the Dynkin diagram,
see [10, p. 339]). In particular, if gC is simple, then gC = An, (n ≥ 2), Dn
(n ≥ 3) or E6. The list of simple non-complex Lie algebras of outer type is
short and it is given below (see [10], Appendix C):
sln(R) (n > 2), sln(H) (n ≥ 2), {so2p+1,2q+1, 0 ≤ p ≤ q}\{so1,1, so1,3}, e6(f4), e6(sp4).
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For the real forms of the exceptional Lie algebra e6 we indicate in the bracket
the type of maximal compact subalgebras. A Lie group is called inner (re-
spectively, outer) if its Lie algebra is inner (respectively, outer).
2.1.3 Invariant complex structures on homogeneous manifolds of
compact semisimple Lie groups
Let F = G/K = AdG(x0) ⊂ g be a flag manifold of a compact connected
semisimple Lie group G, with Lie algebra g = (gC)τ , and K = T · L a
decomposition of the stabilizerK into a product of a torus T and a semisimple
group L. Let T ′ be a subtorus of T , such that the quotient T/T ′ has even
dimension. The total space of the fibration
π : M = G/(L · T ′)→ F = G/K
admits an invariant complex structure, defined by an invariant complex struc-
ture on the fiber T/T ′ and an invariant complex structure on the base F ,
such that π is an holomorphic fibration. Moreover, any invariant complex
structure on M is obtained in this way.
More precisely, let hg be a Cartan subalgebra of g included in k = Lie(K).
The complexification of the B-orthogonal reductive decomposition g = k⊕ p
of F = G/K is given by
kC = h+ g([Π0]), p
C = g(R′), R′ = R \ [Π0]
where Π0 ⊂ Π is a subset of a system Π of simple roots of gC relative to
h = (hg)
C and [Π0] := R∩ span(Π0) is the set of all roots from R spanned by
Π0. The Cartan subalgebra hg decomposes into a B-orthogonal direct sum
hg = t⊕ h0 = t′ ⊕ a⊕ h0
where t = Lie(T ) and t′ = Lie(T ′). The complexification of the reductive
decomposition of M = G/(L · T ′) is given by
gC = (l+ t′)C ⊕mC
where l = Lie(L), lC = hC0 + g([Π0]) and m
C = aC + g(R′).
Theorem 2. [15]
i) The compact homogeneous manifold M = G/(L · T ′) described above
admits an invariant complex structure defined by the decomposition
mC = m1,0 ⊕m1,0 = m1,0 ⊕ τ(m1,0),
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where
m1,0 = a1,0 + g(R′+), R
′
+ := R
+ ∩ (R \ [Π0]),
R+ is the positive root system defined by Π and a1,0 is the holomorphic
subspace of a complex structure Ja on a.
ii) Conversely, any invariant complex structure on an homogeneous man-
ifold of a compact, connected, semisimple Lie group G can be obtained
by this construction.
2.2 Generalized complex structures on manifolds
In this paper we consider only generalized complex structures of constant
type.
Let J be a generalized almost complex structure on an n-dimensional
manifold M . According to M. Gualtieri [8], the holomorphic bundle L =
T1,0M ⊂ (TM)C of J can be described in terms of a subbundle E ⊂ (TM)C
and a 2-form ω˜ ∈ Γ(Λ2(E∗)) defined on E. We now recall this description.
Note that L ⊂ (TM)C is isotropic with respect to the complex linear
extension of gcan and L ⊕ L¯ = (TM)C. Conversely, any isotropic subbundle
L ⊂ (TM)C such that L⊕ L¯ = (TM)C defines a generalized almost complex
structure J, whose complex linear extension to (TM)C satisfies J|L = i and
J|L¯ = −i. These considerations play a key role in the proof of the following
Proposition:
Proposition 3. [8, p. 49] A complex rank n subbundle L of (TM)C is the
holomorphic bundle of a generalized almost complex structure J if and only
if it is of the form
L = L(E, ω˜) := {X + ξ ∈ E ⊕ (TCM)∗, ξ|E = ω˜(X, ·)}
where E ⊂ (TM)C is a complex subbundle and ω˜ ∈ Γ(Λ2(E∗)) is a complex
2-form on E such that the imaginary part Im (ω˜|∆) is non-degenerate. Here
∆ = E ∩ TM ⊂ TM
is the real part of E ∩ E¯, i.e.
∆C = E ∩ E¯.
Moreover, J is integrable if and only if E is involutive (i.e. its space of
sections is closed under the Lie bracket) and dEω˜ = 0, where dE is the exterior
derivative along E.
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The codimension of the subbundle E ⊂ TCM is called the type of the
generalized complex structure J.
Any complex or symplectic structure defines a generalized complex struc-
ture (see e.g. [8]). Other examples of generalized complex structures can
be obtained using B-field transformations, as follows. Any closed 2-form
B ∈ Ω2(M) (usually called a B-field) defines an automorphism of TM , by
exp(B)(X + ξ) = X + iXB + ξ, ∀X + ξ ∈ TM
which preserves the Courant bracket (this follows from dB = 0). If J is a
generalized complex structure onM , with holomorphic bundle L(E, ω˜), then
L(E, ω˜ + i∗B), where i∗B ∈ Λ2(E∗) is the restriction of (the complexifica-
tion of) B to E, is the holomorphic bundle of another generalized complex
structure exp(B) · J, called the B-field transformation of J. Obviously, a
B-field transformation preserves the type.
The last notion we need from generalized complex geometry is the normal
form of generalized complex structures [13, p. 1507]. Recall first that an (al-
most) f -structure on a manifold M is an endomorphism F of TM satisfying
F 3+F = 0. Let T 0M , T 1,0M and T 0,1M be the eigenbundles of the complex
linear extension of F , with eigenvalues 0, i and −i respectively. A (real) 2-
form η ∈ Ω2(M) is called compatible with F if ηC|T 0M is non-degenerate and
Ker(ηC) = T
1,0M ⊕ T 0,1M , where ηC is the complex linear extension of η. A
generalized (almost) complex structure J on M , with holomorphic bundle L,
is in normal form if L = L(T 0M ⊕T 1,0M, iηC) for some almost f -structure
and compatible 2-form η. In the language of [8], this means that Jp, at any
p ∈M , is the direct sum of a complex structure and a symplectic structure.
3 Infinitesimal description of invariant gen-
eralized complex structures on Lie groups
3.1 Admissible pairs: definition and general results
Generalized geometry of Lie groups and homogeneous spaces already appears
in the literature (see e.g. [1, 6, 7, 11]). It is known that invariant generalized
complex structures on a Lie group G are in bijective correspondence with
invariant complex structures on the cotangent group T ∗G, which are com-
patible with the standard neutral bi-invariant metric of T ∗G [1, p. 771]. The
proof follows from the remark that the restriction of the Courant bracket to
the space of invariant generalized vector fields (i.e. invariant sections of TG)
coincides with the Lie bracket in the Lie algebra t∗(g) of the cotangent group
T ∗G.
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In this section we develop an infinitesimal description of invariant gener-
alized complex structures on Lie groups in terms of the so called admissible
pairs, which will be a main tool in this paper.1
Let G be a real Lie group. On the generalized tangent bundle TG we
consider the natural action induced by left translations:
g · (X + ξ) := (Lg)∗X + ξ ◦ (L−1g )∗, ∀g ∈ G, ∀X + ξ ∈ TG.
Definition 4. A generalized almost complex structure J on G is called in-
variant if
J(X + ξ) = g−1 · J (g · (X + ξ)) , ∀g ∈ G, ∀X + ξ ∈ TG. (6)
The holomorphic bundle L = L(E, ω˜) of an invariant generalized almost
complex structure J is determined by its fiber Le at the identity element e ∈
G, i.e. by a subspace k := Ee ⊂ gC and a complex 2-form ω := ω˜e ∈ Λ2(k∗).
It is easy to check that the bundle E is involutive if and only if k is a complex
subalgebra of gC. Moreover, if E is involutive, then dEω˜ = 0 if and only if ω
is closed as a 2-form on the Lie algebra k, i.e. for any X, Y, Z ∈ k,
(dkω)(X, Y, Z) := ω(X, [Y, Z]) + ω(Z, [X, Y ]) + ω(Y, [Z,X ]) = 0.
This last statement follows from the following computation: for anyX, Y, Z ∈
Ee (viewed either as left invariant sections of E or elements of k),
(dEω˜)e(X, Y, Z) = X (ω˜(Y, Z))− Y (ω˜(X,Z)) + Z (ω˜(X, Y ))
+ ω˜(X, [Y, Z]) + ω˜(Z, [X, Y ]) + ω˜(Y, [Z,X ])
= (dkω)(X, Y, Z),
where we used that ω˜(Y, Z) and the remaining similar terms are constant
(from the invariance of ω˜).
To simplify terminology we introduce the following definition.
Definition 5. Let g be a real Lie algebra, given by the fixed point set of an
antiinvolution σ(x) = x¯ of gC. A pair (k, ω) formed by a complex subalgebra
k ⊂ gC and a closed 2-form ω ∈ Λ2(k∗) is called g-admissible if
1 We thank the referee for pointing to us article [11], where an infinitesimal description
of invariant generalized complex structures on homogeneous manifolds G/K, in terms of
the so called generalized complex pairs (GC-pairs), was developed. When K = {e}, a
GC-pair is an admissible pair.
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i) gC = k+ k¯;
ii) ωl := Im
(
ω|l
)
is a symplectic form on l = k ∩ g, i.e. it is non-
degenerate (and closed).
The following result, which is a corollary of Proposition 3, reduces the
description of invariant generalized complex structures on a Lie group G to
the description of g-admissible pairs.
Theorem 6. Let G be a Lie group, with Lie algebra g. There is a natural
one to one correspondence between:
i) invariant generalized complex structures on G;
ii) g-admissible pairs (k, ω).
More precisely, a g-admissible pair (k, ω) defines an invariant generalized
complex structure J, with holomorphic space at e ∈ G given by
T
1,0
e G = w
1,0 := {X + ξ ∈ k⊕ (gC)∗ : ξ|k = ω(X, ·)}.
Theorem 6 has the following important consequence.
Corollary 7. Let J be an invariant generalized complex structure on a Lie
group G, defined by a g-admissible pair (k, ω). Suppose that the real Lie al-
gebra
l = g ∩ k ⊂ g
generates a closed, connected Lie subgroup L of G, such that the homogeneous
space M = G/L is reductive. Then J defines an invariant complex structure
J on M .
Proof. Since k belongs to an admissible pair, k+ k¯ = gC. Moreover, k∩ k¯ = lC.
From Proposition 1 iii), k defines an invariant complex structure J on M .
We end this section with a property of admissible pairs, which will be use-
ful in our treatment of invariant generalized complex structures on semisimple
Lie groups.
Proposition 8. Let g be a Lie algebra and (k, ω) a g-admissible pair. Suppose
that l = k ∩ g is reductive. Then l is abelian.
Proposition 8 is a consequence of the following general statement (applied
to the reductive Lie algebra l = k∩g, which admits a symplectic form, namely
ωl := Im
(
ω|l
)
):
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Lemma 9. Any (real or complex) reductive Lie algebra which admits a sym-
plectic form is abelian.
Proof. Let l = c⊕ls be a reductive Lie algebra, with the center c and semisim-
ple part ls. Suppose that ω ∈ Λ2(l∗) is a non-degenerate closed 2-form on l.
Then c is ω-orthogonal to ls. Indeed, for Y, Z ∈ ls and X ∈ c , we get
0 = dω(X, Y, Z) = ω(X, [Y, Z]) + ω(Z, [X, Y ]) + ω(Y, [Z,X ]) = ω(X, [Y, Z]).
Since [ls, ls] = ls, the claim follows. Assume now that ls 6= 0. Then ωs := ω|ls
is a non-degenerate closed 2-form on the semisimple Lie algebra ls. Being
closed, ωs is the differential of a 1-form ξ ∈ (ls)∗ (see e.g. [12, p. 16]), which
is dual with respect to the Killing form 〈·, ·〉 of ls to a vector X0 ∈ ls:
ξ(X) = 〈X0, X〉, ∀X ∈ ls.
For any Y ∈ ls we get
ω(X0, Y ) = dξ(X0, Y ) = −ξ([X0, Y ]) = −〈X0, [X0, Y ]〉 = 〈[X0, X0], Y 〉 = 0.
Hence X0 belongs to the kernel of ω
s. Since ωs is non-degenerate, X0 = 0
and hence ls = 0. We obtain a contradiction.
3.2 A class of admissible pairs
We have reduced the description of invariant generalized complex structures
on a Lie group G, with Lie algebra g, to the description of g-admissible pairs
(k, ω), and, in particular, to the description of closed 2-forms on k. In this
section we find a special class of g-admissible pairs (k, ω) (see Proposition
11 below). We begin with the following result which will be used repeatedly
in our description of invariant generalized complex structures on semisimple
Lie groups.
Proposition 10. Suppose that a Lie algebra k admits a semidirect decompo-
sition
k = s⊕ p
into a subalgebra s and an ideal p. Decompose a 2-form ρ ∈ Λ2(k∗) on k into
three parts
ρ = ρ0 + ρ1 + ρ2,
where ρ0 ∈ Λ2(s∗) is the s-part, ρ1 ∈ Λ2(p∗) is the p-part and ρ2 ∈ s∗ ∧ p∗ ⊂
Λ2(k∗) is the mixed part of ρ (all trivially extended to k). Then the form ρ is
closed if and only if the following conditions are satisfied:
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1. the forms ρ0, ρ1 are closed on s and, respectively, on p;
2. the following two conditions are satisfied:
ρ2(s, [p, p
′]) = ρ1([s, p], p
′) + ρ1(p, [s, p
′]) (7)
and
ρ2([s, s
′], p) + ρ2([s
′, p], s) + ρ2([p, s], s
′) = 0, (8)
for any s, s′ ∈ s and p, p′ ∈ p.
In particular, if s is ρ-orthogonal to p, i.e. ρ2 = 0, then ρ is closed if and
only if its s-part ρ0 is closed and its p-part ρ1 is closed and ads-invariant.
Proof. The proof is straightforward.
Proposition 11. Let g be a real Lie algebra and σ(x) = x¯ the associated
antiinvolution on gC. Suppose that a complex subalgebra k ⊂ gC, with gC =
k+ k¯, has an ideal p, complementary to the subalgebra lC = k ∩ k¯, that is,
k = lC ⊕ p,
Then any (complex) 2-form ω ∈ Λ2(k∗) which defines a g-admissible pair
(k, ω) is given by
ω = ω̂0 + ρ1 + ρ2,
where ω̂0 ∈ Λ2(lC)∗ is a closed 2-form on lC, such that Im
(
ω̂0|l
)
is non-
degenerate, ρ1 ∈ Λ2(p∗) is a closed 2-form on p and ρ2 ∈ (lC)∗ ∧ p∗ is a
2-form which satisfies the following two conditions :
ρ2(l, [p, p
′]) = ρ1([l, p], p
′) + ρ1(p, [l, p
′])
and
ρ2([l, l
′], p) + ρ2([l
′, p], l) + ρ2([p, l], l
′) = 0,
for any l, l′ ∈ lC and p, p′ ∈ p.
4 Invariant generalized complex structures of
regular type on semisimple Lie groups
In the remaining part of the paper we define and study a class (called regular)
of invariant generalized complex structures on semisimple Lie groups.
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4.1 Regular g-admissible pairs: definition and general
results
Let G be a real semisimple Lie group with Lie algebra g.
Definition 12. A g-admissible pair (k, ω) and the associated invariant gen-
eralized complex structure J on G are called regular if the complex subalgebra
k ⊂ gC is regular, i.e. it is normalized by a Cartan subalgebra of g.
We denote by
σ : gC → gC, x→ x¯
the conjugation of gC with respect to g. Let k be a regular subalgebra of gC.
The complexification h of the Cartan subalgebra hg of g which normalizes k
is a σ-invariant Cartan subalgebra of gC. Being regular, the subalgebra k is
of the form
k = hk + g(R0) (9)
where hk := k ∩ h and R0 ⊂ R is a closed subset of the root system R of gC
relative to h. The condition k+ k¯ = gC from the definition of admissible pairs
is equivalent to
R0 ∪ σ(R0) = R, hk + h¯k = h.
To simplify terminology we introduce the following definition:
Definition 13. i) A subset R0 ⊂ R is called σ-parabolic if it is closed and
R0 ∪ σ(R0) = R.
ii) A σ-parabolic subset R0 ⊂ R is called a σ-positive system if it satisfies
the additional condition
R0 ∩ σ(R0) = ∅.
iii) Two σ-parabolic subsets R0, R
′
0 are called equivalent if one of them can
be obtained from the other by transformations R → −R, R → σ(R) and a
transformation from the Weyl group of R, which commutes with σ.
We remark that if g is a real form of inner type of gC and hg is a maximally
compact Cartan subalgebra of g, then
σ(α) = −α, ∀α ∈ R (10)
and by a result of Bourbaki [4] (Chapter VI, Section 1.7), σ-parabolic subsets
(respectively, σ-positive systems) of R are just parabolic subsets, that is,
closed subsets which contain a positive root system (respectively, positive
root systems).
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Lemma 14. Let k be the regular subalgebra (9) of gC, such that
(R0 ∩ σ(R0))asym = ∅. (11)
Suppose that k can be included into a g-admissible pair (k, ω). Then
k = lC + a1,0 + g(R0)
where R0 is a σ-positive system of R, l := k∩ hg and a1,0 is the holomorphic
space of a complex structure Ja on a complement a of l in hg. In particular,
the dimension of a is even.
Proof. The complex conjugated subalgebra k¯ has the form
k¯ = h¯k + σ(g(R0)) = h¯k + g(σ(R0)). (12)
From (12),
k ∩ k¯ = hk ∩ h¯k + g(R0 ∩ σ(R0)).
Condition (11) means that R0 ∩ σ(R0) is symmetric. Thus the Lie algebra
k ∩ k¯ is reductive, with semisimple part generated by g(R0 ∩ σ(R0)) and the
center which is the annihilator of R0 ∩ σ(R0) in hk ∩ h¯k. Since k ∩ k¯ is a
reductive subalgebra with a symplectic form, by Lemma 9 it is commutative.
It follows that R0 ∩ σ(R0) = ∅. On the other hand, k + k¯ = gC implies that
R0 ∪ σ(R0) = R. We proved that R0 is a σ-positive system.
Let w be a complement of hk ∩ h¯k in hk. Since hk + h¯k = h, w+ w¯ = aC
where a is a complement of l in hg. Being transverse, w and w¯ are the
holomorphic and anti-holomorphic spaces of a complex structure Ja on a.
Note that if σ(α) = −α, for any α ∈ R, the condition (11) is automatically
satisfied. Our main result in this section is stated as follows.
Proposition 15. Let g be a real form of inner type of a complex semisim-
ple Lie algebra gC. Any regular subalgebra of gC which is normalized by a
maximally compact Cartan subalgebra hg of g and can be included in a g-
admissible pair is of the form
k = lC + a1,0 + g(R+) (13)
where l := k ∩ hg, a1,0 is the holomorphic space of a complex structure on a
complement a of l in hg and R
+ is a system of positive roots of gC relative
to h := (hg)
C.
In the next section we find all 2-forms, which, together with the subalge-
bra (13), form g-admissible pairs.
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4.2 Regular pairs on semisimple Lie groups of inner
type
In this Section we assume that the real form g = (gC)σ of a complex semisim-
ple Lie algebra gC is of inner type. Then, preserving the notations of Propo-
sition 15, a regular subalgebra k ⊂ gC normalized by a maximally compact
Cartan subalgebra hg of g and which is part of a g-admissible pair (k, ω) has
the form
k = h0 + g(R
+) = lC + a1,0 + g(R+), (14)
where R+ ⊂ R is a positive root system of gC relative to h = (hg)C and
h0 ⊂ h satisfies h0+ h¯0 = h. We now determine all 2-forms ω ∈ Λ2(k∗) which,
together with k, form a g-admissible pair. In the following theorem we fix
root vectors {Eα}α∈R of a Weyl basis of g(R) and we denote by ωα ∈ (gC)∗
the dual covectors defined by
ωα|h = 0, ωα(Eβ) = δαβ, ∀α, β ∈ R. (15)
As usual Nαβ will denote the structure constants, defined by [Eα, Eβ] =
NαβEα+β .
Theorem 16. Let k ⊂ gC be the regular subalgebra defined by (14) and
ω ∈ Λ2(k∗). Then (k, ω) is a g-admissible pair if and only if
ω = ω̂0 +
∑
α∈R+
µαα ∧ ωα + 1
2
∑
α,β∈R+
µα+βNαβωα ∧ ωβ, (16)
where µα ∈ C, for any α ∈ R+, and ω̂0 ∈ Λ2(h∗0) is any 2-form on h0 (trivially
extended to k), such that Im
(
ω̂0|l
)
is non-degenerate.
Proof. We first show that a 2-form on k is closed if and only if it is given
by (16), for some constants µα. For this, we apply Proposition 10, with
commutative subalgebra s := h0 = l
C + a1,0 and ideal p := g(R+). Any
ω ∈ Λ2(k∗) is given by
ω = ω̂0 + ρ1 + ρ2
where ω̂0 ∈ Λ2(h∗0), ρ1 ∈ Λ2(p∗) and ρ2 ∈ h∗0 ∧ p∗ are trivially extended to
k. Since h0 is abelian, dh0
ω̂0 = 0 for any ω̂0. From Proposition 10, dkω = 0
if and only if dpρ1 = 0 and conditions (7) and (8) are satisfied. Since h0 is
abelian, condition (8) becomes
ρ2([H
′, Eα], H) + ρ2([Eα, H ], H
′) = 0, ∀H,H ′ ∈ h0, ∀α ∈ R+
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or
ρ2(Eα, H)α(H
′) = ρ2(Eα, H
′)α(H). (17)
On the other hand, for any α ∈ R, the restriction α|h0 is not identically zero.
(This is an easy consequence of the equality h0 + h¯0 = h and the fact that
σ(α) = −α, when g = (gC)σ is a compact real form or a real form of inner
type and hg is a maximally compact Cartan subalgebra of g). Thus relation
(17) is equivalent to
ρ2(H,Eα) = µαα(H), ∀α ∈ R+, ∀H ∈ h0,
for some constants µα, or
ρ2 =
∑
α∈R+
µαα ∧ ωα. (18)
We proved that (8) is equivalent to (18). We now consider (7), which gives
ρ2(H, [Eα, Eβ]) = ρ1([H,Eα], Eβ)+ρ1(Eα, [H,Eβ]), ∀H ∈ h0, ∀α, β ∈ R+,
or, using (18),
Nαβµα+β(α+ β)(H) = (α+ β)(H)ρ1(Eα, Eβ), ∀H ∈ h0, ∀α, β ∈ R+.
(19)
A similar argument as above shows that (α + β)|h0 is not identically zero,
for any α, β ∈ R+. Thus (19) becomes
ρ1 =
1
2
∑
α,β∈R+
Nαβµα+βωα ∧ ωβ. (20)
It remains to check that ρ1 ∈ Λ2(p∗) defined by (20) is closed. For this, let
α, β, γ ∈ R+ be any positive roots. Then
(dpρ1)(Eα, Eβ , Eγ) = ρ1(Eα, [Eβ , Eγ]) + ρ1(Eγ, [Eα, Eβ]) + ρ1(Eβ, [Eγ , Eα])
= cα+β+γ(NβγNα,β+γ +NαβNγ,α+β +NγαNβ,γ+α).
On the other hand, the Jacobi identity
[Eα, [Eβ, Eγ]] + [Eγ, [Eα, Eβ]] + [Eβ , [Eγ, Eα]] = 0
implies that
NβγNα,β+γ +NαβNγ,α+β +NγαNβ,γ+α = 0.
Therefore ρ1 defined by (20) is closed. We proved that all closed 2-forms on
k are given by (16). If, moreover, Im
(
ω̂0|l
)
is non-degenerate, then (k, ω) is
a g-admissible pair.
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Corollary 17. Let G be a real semisimple Lie group of inner type.
i) If there is a regular generalized complex structure on G then the rank
of G is even.
ii) Assume that the rank of G is even and let J be a regular generalized
complex structure on G, with associated admissible pair (k, ω), where
k = lC + a1,0 + g(R+) (21)
and ω ∈ Λ2(k∗) are like in Theorem 16. Then the type of J is given by
type(J) =
1
2
(rank(G)− dim(l) + |R|)
where |R| is the number of roots from R.
iii) Assume that the rank of G is even. Then, for any k ∈ Z such that
0 ≤ k ≤ 1
2
rang(G),
there is a regular generalized complex structure J on G with
type(J) =
1
2
|R|+ k. (22)
Proof. Let J be a regular generalized complex structure onG, with admissible
pair (k, ω), like in Theorem 16. Since l admits a symplectic form, it has even
dimension. Since the complement a of l in hg admits a complex structure,
it has also even dimension. Thus, the rank of G is even. This proves the
first claim. The second claim follows from the definition of the type and
by computing the dimension of k. For the third claim, we notice that the
generalized complex structure J associated to an admissible pair (k, ω), with
k given by (21), satisfies (22), provided that the dimension of l is equal
to rank(G) − 2k. Since the rank of G is even, l can be chosen with this
property.
For simplicity, the following proposition is stated for compact forms, but
it holds also for any real form of inner type. We preserve the notations from
Theorem 16.
Proposition 18. Let J be a regular generalized complex structure on a com-
pact semisimple Lie group G, with associated g-admissible pair (k, ω) defined
by (14) and (16). Define a covector ξ ∈ g∗ by
ξ := −
∑
α∈R+
µαωα +
∑
α∈R+
µ¯αω−α
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and let B := dξ. Then J is the B-field transformation of the regular general-
ized complex structure Ĵ whose associated g-admissible pair is (k, ω̂0). More-
over, Ĵ is in normal form if and only if
iHω̂0 = 0, ∀H ∈ a1,0.
Proof. The compact real form g is given by
g = ih(R) +
∑
α∈R
R(Eα −E−α) + i
∑
α∈R
R(Eα + E−α).
It can be checked that ξ takes real values on g and
B|k =
∑
α∈R+
µαα ∧ ωα + 1
2
∑
α,β∈R+
µα+βNαβωα ∧ ωβ. (23)
From (16) and (23), J is the B-field transformation of Ĵ. The second claim
is straightforward.
4.3 Invariant generalized complex structures on com-
pact semisimple Lie groups
We now show that any invariant generalized complex structure J on a com-
pact semisimple Lie group G is regular, provided that J satisfies an additional
natural condition. More precisely, we prove:
Theorem 19. Let G be a compact semisimple Lie group, with Lie algebra
g, and J an invariant generalized complex structure on G defined by a g-
admissible pair (k, ω). Suppose that l := k ∩ g generates a closed subgroup L
of G. Then J is regular.
Proof. Since G is semisimple and compact, M = G/L is reductive and J
induces an invariant complex structure J on M , defined by the subalgebra k
(see Corollary 7). By Theorem 2, k is regular.
5 Invariant generalized complex structures on
semisimple Lie groups of outer type
In this section we construct a large class of regular generalized complex struc-
tures on semisimple Lie groups of outer type. Let g = (gC)σ be a real form of
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outer type of a complex semisimple Lie algebra gC, defined by an antilinear
conjugation
σ : gC → gC, x→ x¯.
In a first stage, we are looking for g-admissible regular pairs (k, ω̂0), such that
the 2-form ω̂0 is the trivial extension of a form defined on the Cartan part of
the regular subalgebra k of gC. Assume, as usual, that
k = h0 + g(R0), (24)
where h0 is included in a σ-invariant Cartan subalgebra h of g
C and R0 is
a σ-positive system of the root system R of gC relative to h (see Definition
13). Thus, we are looking for pairs (h0, ω̂0), with ω̂0 ∈ Λ2(h0), such that the
following conditions are satisfied:
i) h0 + h¯0 = h;
ii) the trivial extension of ω̂0 to k is closed;
iii) Im
(
ω̂0|l
)
is non-degenerate, where l := h0 ∩ g is the real part of h0.
We first remark that the symmetric part Rsym0 of the σ-positive system
R0 is not empty in general (as it happens when g is of inner type). Since k
is a subalgebra,
[gα, g−α] ⊂ h0, ∀α ∈ Rsym0
and a simple computation shows that condition ii) above is equivalent to
ω̂0([Eα, E−α], H) = 0, ∀α ∈ Rsym0 , ∀H ∈ h0. (25)
Define
S := SpanC{[Eα, E−α], α ∈ Rsym0 } = Span(Rsym0 )♭
where ♭ : h∗ → h is the isomorphism defined by the Killing form and assume
that
S ∩ S¯ = {0}. (26)
Assuming that the additional condition (26) is satisfied, we now describe
a simple construction of pairs (h0, ω̂0) such that i), ii) and iii) hold. For this,
consider a subspace h1 ⊂ h such that h1 + h¯1 = h and S ⊂ h1. From (26), we
can chose a complementary subspace h0 of h1 ∩ S¯ in h1, such that S ⊂ h0.
One can check that:
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a) h0 ∩ h¯0 is transverse to S;
b) h = h0 + h¯0.
The subspace h0 decomposes into a direct sum
h0 = (h0 ∩ h¯0)⊕ S⊕W
where W ⊂ h0 is any complementary subspace of (h0 ∩ h¯0) ⊕ S. One can
chose ω̂0 ∈ Λ2(h0) such that S ⊂ Ker(ω̂0) and Im (ω̂0) is non-degenerate on
l = (h0 ∩ h¯0)σ. Then (k, ω̂0) is a g-admissible pair.
Our next aim is to construct other regular g-admissible pairs (k, ω), for
which g = (gC)σ is any real form of outer type of gC = sl2n(C) (n ≥ 2),
so2n(C) (n ≥ 3) and e6, the regular subalgebra k is normalized by a maximally
compact Cartan subalgebra of g, the root system R0 of k is a σ-positive system
and the 2-form ω has a non-zero restriction to the root part g(R0) of k. The
following Proposition simplifies considerably this task. It shows that we can
chose (arbitrarily), for each of the above complex Lie algebras, a real form of
outer type and find regular pairs with respect to these real forms. They will
provide invariant generalized complex structures on all real forms of outer
type of SL2n(C) (n ≥ 2), SO2n(C) (n ≥ 3) and E6.
Proposition 20. Let gC be a complex simple Lie algebra, g = (gC)σ a real
form of outer type of gC and (k, ω) a regular g-admissible pair, with
k = hk + g(R0) (27)
normalized by a maximally compact Cartan subalgebra hg of g and R0 a σ-
positive system. Then any other real form of outer type of gC is conjugated
to a real form g′ such that (k, ω) is g′-admissible.
Proof. To prove the claim, we recall the formalism of Vogan diagrams [10,
p. 344], which describes the real forms of a given complex simple Lie alge-
bra gC. An abstract Vogan diagram is an abstract Dynkin diagram, which
represents a system of simple roots Π of gC relative to a Cartan subalgebra
h, together with two pieces of additional information: some arrows between
vertices, which indicate the action of an involutive symmetry s of the Dynkin
diagram (in the case of outer real forms) and a subset of painted nodes (in
the fix point set of s), which indicates the non-compact simple roots. The
symmetry s defines an involution θ of the Cartan subalgebra h, which can
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be canonically extended to an involutive automorphism θ of gC, by the con-
ditions: for any α ∈ Π,
θ(Eα) =

Eα′ , if s(α) = α
′ 6= α
Eα, if α = s(α) is not a painted root
−Eα, if α = s(α) is a painted root,
(28)
where {Eα} are root vectors of a Weyl basis.
The composition σ := θ◦τ , where τ is the compact involution commuting
with θ, defines the real form g = (gC)σ associated to the Vogan diagram.
Moreover, the real subalgebra
hg = h
+ ⊕ h− = {x ∈ ih(R), θ(x) = x} ⊕ {x ∈ h(R), θ(x) = −x} (29)
is a maximally compact (θ-invariant) Cartan subalgebra of g.
Consider now a regular g-admissible pair (k, ω), like in (27), where g is
a real form of outer type of a complex simple Lie algebra gC. The defining
conditions for (k, ω), namely
R0 ∪ σ(R0) = R, R0 ∩ σ(R0) = ∅, hk + h¯k = h, dkω = 0
and Im(ω|
(hk∩
¯hk)
σ
) non-degenerate, depend only on the symmetry s of the
associated Vogan diagram. Remark now that the symmetry s is unique,
for gC 6= D4 and for D4 there are three symmetries related by an outer
automorphism of D4. This proves our claim.
Remark 21. In the statement of Proposition 20 it is essential that R0 is a σ-
positive system. When R0 is σ-parabolic but not necessarily σ-positive, (k∩k¯)σ
does not reduce in general to the Cartan part (hk ∩ h¯k)σ and it may depend
also on which nodes from the Vogan diagram are painted; therefore, the same
is true for the condition Im(ω|
(k∩¯k)σ) from the definition of g-admissible pairs.
Motivated by Proposition 20, in the remaining part of this section we
construct regular generalized complex structures (and admissible pairs) on
G = SLn(H) (n ≥ 2), SO2n−1,1 (n ≥ 3) and two real forms of outer type of
E6.
5.1 Generalized complex structures on SLn(H)
a) Description of the antiinvolution σ which defines sln(H)
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Let V = C2n be a complex vector space of dimension 2n ≥ 4, with stan-
dard basis {e1, · · · , en, e1′ , · · · , en′} and sl2n(C) the Lie algebra of traceless
endomorphisms of V . We denote by
Eij = ei ⊗ e∗j , Ei′j′ = ei′ ⊗ e∗j′, Ei′j = ei′ ⊗ e∗j , Eij′ = ei ⊗ e∗j′
the associated basis of gl(V ) and we choose a Cartan subalgebra
h = {H =
n∑
i=1
xiEii +
n∑
j′=1
xj′Ej′j′,
n∑
i=1
xi +
n∑
j′=1
xj′ = 0}
which consists of traceless diagonal matrices. Denote by ǫi, ǫj′ the linear
forms on h defined by
ǫi(H) = xi, ǫj′(H) = xj′ .
The roots of sl(V ) are
R := {ǫij := ǫi − ǫj , ǫi′j′ := ǫi′ − ǫj′ , ǫi′j := ǫi′ − ǫj , ǫij′ := ǫi − ǫj′}.
The Lie algebra sln(H) is a real form of outer type of sl2n(C), defined by the
antilinear involution
σ(A) = −JA¯J, ∀A ∈ sl2n(C),
where J is the matrix
J =
(
0 Id
−Id 0
)
.
The antilinear involution σ acts on roots, transforming unprime indices into
prime indices and vice versa, i.e.
σ(ǫij) = ǫi′j′, σ(ǫi′j′) = ǫij , σ(ǫij′) = ǫi′j, σ(ǫi′j) = ǫij′.
Alternatively, one may also define sln(H) as the unique real form of outer
type of sl2n(C), whose Vogan diagram has no painted node. As described
above, sln(H) can be obtained as in the proof of Theorem 6.88 of [10] (see also
Proposition 20), by considering the Weyl basis (31) (see below) and assigning
to the nodes of A2n−1 the simple roots ǫ12′ , ǫ2′3, ǫ34′ , · · · , ǫ3′2, ǫ21′ . The unique
simple root fixed by the non-trivial automorphism of A2n−1 (given by the
horizontal reversal) is ǫn′n (n-even) or ǫnn′ (n-odd) and is a white root. The
Cartan subalgebra
hσ = {H =
n∑
i=1
xiEii +
n∑
j=1
xjEj′j′,
n∑
i=1
(xi + x¯i) = 0}
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is a maximally compact Cartan subalgebra of sln(H). Any α ∈ R for which
σ(α) = −α is of the form ǫii′ or ǫi′i and is compact, since σ(Eǫii′ ) = −Eǫi′i,
where Eǫij are root vectors of the Weyl basis (31). It follows that h
σ is also
a maximally non-compact Cartan subalgebra of sln(H) (see [10, p. 335]).
b) σ-positive systems of the Lie algebra sl2n(C)
Proposition 22. Any σ-positive root system R0 of the root system R is
equivalent to one of the following systems:
a) {ǫi − ǫj , ǫi − ǫj′, i, j = 1, 2, · · · , n};
b) {ǫi − ǫj , ǫi′ − ǫj , i, j = 1, 2, · · · , n}.
Proof. Denote by P = {ǫij} the subsystem of R which is the root system
of type An−1, hence indecomposable. But P = (P ∩ R0) ∪ (P ∩ σ(R0)) is a
decomposition of P in a disjoint union of two closed subsystems. Hence, one
of these two parts is empty. Without loss of generality, we may assume that
P ⊂ R0. Assume that ǫi0j′0 ∈ R0. Then ǫij′0 = ǫii0 + ǫi0j′0 ∈ R0 ∀i, because R0
is closed, and ǫi′j0 = σ(ǫij′0) ∈ σ(R0) ∀i′. It follows that ǫi′j ∈ σ(R0) ∀j (if
this were not true, then we could find j1 such that ǫi′j1 ∈ R0; but then, since
ǫj1j0 ∈ R0 and R0 is closed, also ǫi′j0 ∈ R0 which is impossible, since R0 and
σ(R0) are disjoint). Thus ǫij′ = σ(ǫi′j) ∈ R0 ∀i, j′ and we get the system a).
If ǫij′ /∈ R0 ∀i, j′, we get the system b).
c) sln(H)-admissible pairs
Now we describe sln(H)-admissible pairs (k, ω), where the subalgebra k ⊂
sl2n(C) is regular with root system the σ-positive system R0 of type a) from
Proposition 22. The case b) is similar. The subalgebra k can be written as
k = h0 + g(R0) = h0 +
∑
i,j
gǫij +
∑
i,j′
gǫij′ ⊂ sl2n(C), (30)
where h0 ⊂ h, with h0 + h¯0 = h. The vectors
Eǫij =
1√
2n
Eij, Eǫi′j′ =
1√
2n
Ei′j′, Eǫi′j =
1√
2n
Ei′j, Eǫij′ =
1√
2n
Eij′
(31)
are root vectors of a Weyl basis and the associated structure constants are
given by
Nǫij ,ǫjs = −Nǫji,ǫsj =
1√
2n
, ∀i 6= j 6= s
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and their prime analogues (obtained by replacing any of the i, j, s by its
prime analogue). The symmetric part Rsym0 of R0 is given by
Rsym0 = {ǫij , i, j = 1, 2, · · · , n}. (32)
Since k is a subalgebra, (32) together with
[Eǫij , Eǫji] =
1
2n
(Eii −Ejj)
imply that Eii − Ejj ∈ h0, for any i, j. Note that
S := SpanC{[Eǫij , Eǫji], i, j = 1, 2, · · · , n} = SpanC{Eii−Ejj , i, j = 1, 2, · · · , n}
is transversal to
S¯ = SpanC{Ei′i′ −Ej′j′, i′, j′ = 1, 2, · · · , n}.
Thus condition (26) is satisfied. The following theorem describes sln(H)-
admissible pairs (k, ω) and hence also invariant generalized complex struc-
tures on the group SLn(H). Below the covectors ωǫij , ωǫi′j , ωǫij′ , ωǫi′j′ are dual
to the root vectors (31) and annihilate h. We assume that n ≥ 3 (when n = 2
the theorem still holds, under the additional assumption that ǫi+ǫr−ǫj′−ǫs′
is not identically zero on h0, for any i, r, j
′, s′, with (i, j′) 6= (r, s′)).
Theorem 23. Any closed 2-form ω on the Lie algebra k defined in (30) is
given by
ω = ω̂0 +
∑
i 6=j
λ(ij)ǫij ∧ ωǫij +
1√
2n
∑
i 6=j 6=k
λ(ik)ωǫij ∧ ωǫjk +
∑
i 6=j
η(ij)ωǫij ∧ ωǫji
+
∑
k,j′
λ(kj′)
(√
2nǫkj′ ∧ ωǫkj′ +
∑
i 6=k
ωǫki ∧ ωǫij′
)
where ω̂0 ∈ Λ2(h∗0) is such that
ω̂0(Eii −Ejj , ·) = 0, ∀i, j (33)
and λ(ij), λ(ij′), η(ij) ∈ C. The pair (k, ω) is sln(H)-admissible, hence it defines
a regular generalized complex structure on SLn(H), if and only if the real 2-
form Im (ω̂0) is non-degenerate on h0 ∩ sln(H).
Proof. To determine all closed 2-forms ω on k, we apply Proposition 10,
with subalgebra s := h0 + g({ǫij}) and ideal p := g({ǫij′}). In terms of the
decomposition
ω = ρ0 + ρ1 + ρ2,
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the form ω is closed if and only if its s-part ρ0 ∈ Λ2(s∗) and p-part ρ1 ∈ Λ2(p∗)
are closed and the mixed part ρ2 ∈ s∗ ∧ p∗ satisfies (7) and (8). Using (8),
we determine ρ2, as follows. The condition (8) is equivalent to the following
three conditions:
i) for any H ∈ h0 and root vectors Eǫkp and Eǫij′ ,
ρ2([H,Eǫkp], Eǫij′ ) + ρ2([Eǫkp, Eǫij′ ], H) + ρ2([Eǫij′ , H ], Eǫkp) = 0; (34)
ii) for any H,H ′ ∈ h0 and root vector Eǫij′ ,
ρ2([H
′, Eǫij′ ], H) + ρ2([Eǫij′ , H ], H
′) = 0; (35)
iii) for any root vectors Eǫks, Eǫpq , Eǫij′ ,
ρ2([Eǫpq , Eǫks], Eǫij′ ) + ρ2([Eǫks, Eǫij′ ], Eǫpq) + ρ2([Eǫij′ , Eǫpq ], Eǫks) = 0. (36)
It can be checked that (34) is equivalent to
ρ2 =
∑
k,j′
λ(kj′)
(√
2nǫkj′ ∧ ωǫkj′ +
∑
i 6=k
ωǫki ∧ ωǫij′
)
, (37)
for some constants λ(kj′) ∈ C.Moreover, with ρ2 defined by (37), the relations
(35) and (36) are satisfied. Thus condition (8) is equivalent to (37). We now
show, using condition (7), that ρ1 = 0. Since p is abelian, condition (7)
implies that
ρ1([H,Eǫij′ ], Eǫrs′ ) + ρ1(Eǫij′ , [H,Eǫrs′ ]) = 0,
or
(ǫi − ǫj′ + ǫr − ǫs′)(H)ρ1(Eǫij′ , Eǫrs′ ) = 0.
LetH := Eii−Ejj with j 6= i, r (we assumed that n ≥ 3). Since ǫi−ǫj′+ǫr−ǫs′
takes non-zero value on H ,
ρ1 = 0. (38)
Finally, it remains to determine the closed form ρ0 on s. The Lie algebra s is
reductive with semisimple part generated by g({ǫij}) and center which is the
annihilator of {ǫij} in h0. Using Proposition 10 and the fact that any closed
2-form on a semisimple Lie algebra is exact, it can be shown that
ρ0 = ω̂0+
∑
i 6=j
λ(ij)ǫij∧ωǫij+
1√
2n
∑
i 6=j 6=k
λ(ik)ωǫij∧ωǫjk+
∑
i 6=j
η(ij)ωǫij∧ωǫji (39)
where λ(ij), η(ij) ∈ C are arbitrary constants and the 2-form ω̂0 ∈ Λ2(h∗0)
satisfies (33). Combining (37), (38) and (39) we conclude that all closed
2-forms on k are described in the theorem. The last claim is straightforward.
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5.2 Generalized complex structures on SO2n−1,1
a) Description of the antiinvolution σ which defines so2n(C)
Let (V, (·, ·)) be a complex Euclidean vector space of dimension 2n ≥ 6
and so(V ) ≃ so2n(C) the associated complex orthogonal Lie algebra. We
identify so(V ) with Λ2V using the scalar product (·, ·) and we choose a basis
ei, e−i, i = 1, · · · , n of V with the only non-zero scalar products (ei, e−i) = 1.
The diagonal Cartan subalgebra h ⊂ so(V ) has a basis
{Hi := ei ∧ e−i, i = 1, 2, · · · , n}.
We denote by {ǫi} the dual basis of h∗. Then the root system of so(V )
relative to h is given by
R := {±ǫi ± ǫj , i, j = 1, 2, · · · , n, i 6= j}
and the root vectors of a Weyl basis are
Eǫi+ǫj :=
1√
2(n− 1)(ei ∧ ej), i < j
E−ǫi−ǫj := −
1√
2(n− 1)(e−i ∧ e−j), i < j
Eǫi−ǫj :=
1√
2(n− 1)(ei ∧ e−j), i 6= j.
The associated structure constants are given by
Nǫi+ǫj ,ǫk−ǫj = −
1√
2(n− 1)γijγik
N−(ǫi+ǫj),ǫl+ǫj =
1√
2(n− 1)γijγjl
N−(ǫi+ǫj),ǫj−ǫk =
1√
2(n− 1)γijγik
Nǫi−ǫj ,ǫj−ǫk =
1√
2(n− 1) ,
where γij = 1 if i < j and −1 if i > j.
Consider the antilinear involution σ of V defined by
σ(e±i) = e∓i, 1 ≤ i < n, σ(e±n) = e±n.
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It induces an antilinear involution σ on so(V ) whose associated real form
is the Lorentzian Lie algebra so2n−1,1. The map σ preserves the Cartan
subalgebra h and it acts on the weights ǫi as follows:
σ(ǫi) = −ǫi, i < n, σ(ǫn) = ǫn.
Alternatively, one may also define so2n−1,1 as the unique real form of outer
type of so2n(C), whose Vogan diagram has no painted node and the auto-
morphism is given by interchanging the two ends of Dn. As described above,
so2n−1,1 can be obtained as in the proof of Theorem 6.88 of [10] (see also
Proposition 20), by considering the root vectors of the Weyl basis defined
above and assigning to the nodes of Dn the simple roots ǫ1 − ǫ2, · · · , ǫn−2 −
ǫn−1, ǫn−1− ǫn, ǫn−1+ ǫn. The roots ǫi− ǫi+1, 1 ≤ i ≤ n−2 are compact. The
automorphism θ of Dn is given by
θ(ǫi − ǫi+1) = ǫi − ǫi+1, 1 ≤ i ≤ n− 2; θ(ǫn−1 − ǫn) = ǫn−1 + ǫn
and
hσ = {H =
n−1∑
k=1
ixkHk + xnHn, xk ∈ R}
is a maximally compact Cartan subalgebra of so2n−1,1. It is also maximally
non-compact (easy check).
b) σ-positive systems of the Lie algebra so2n(C)
We denote by R′ ⊂ R the root system of the subalgebra so2n−2(C) ⊂
so(V ) which preserves the vectors e±n. Then
σ|R′ = −1 and σ(ǫn−1 − ǫn) = −(ǫn−1 + ǫn).
Proposition 24. Any σ-positive system R0 ⊂ R is equivalent to one of the
systems:
a) R0 = R
+ := {ǫi ± ǫj , 1 ≤ i < j ≤ n};
b) R0 = (R
+ \ {ǫn−1 + ǫn}) ∪ {ǫn − ǫn−1};
c) R0 = (R
+ \ {ǫn−1 − ǫn}) ∪ {−(ǫn−1 + ǫn)}.
Proof. Since σ = −1 on R′, we may assume that R0 contains the positive
root system R′+ = {ǫi ± ǫj , i < j < n} of R′. Let αn−1 := ǫn−1 − ǫn and
αn := ǫn−1+ ǫn. Since σ interchanges the pairs (αn−1, αn) and (−αn,−αn−1),
the system R0 must contain one of the pairs
(αn−1, αn), (−αn−1,−αn), (αn−1,−αn−1), (αn,−αn).
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One can easily check that the composition sǫn−1−ǫn ◦ s−(ǫn−1+ǫn) of reflections
exchanges the first two pairs of roots. Thus the closed systems spanned by
R′+ and any of the first two pairs are equivalent and give the positive root
system R+. The closed systems spanned by R′+ and the remaining two pairs
give the systems b) and c).
c) SO2n−1,1-admissible pairs.
Since the σ-positive system R0 of type a) found in Proposition 24 is a
system of positive roots, the corresponding admissible pairs can be described
using the method of Theorem 16. Now, we describe the so2n−1,1-admissible
pairs (k, ω), where k ⊂ so2n(C) is a regular subalgebra with the root system
R0 of type c) (the case b) can be treated similarly). Let
k := h0 + g(R0) ⊂ so2n(C), (40)
where h0 is included in the diagonal Cartan subalgebra h of so2n(C) and R0
is given by Proposition 24 c):
R0 =
(
R+ \ {ǫn−1 − ǫn}
) ∪ {−(ǫn−1 + ǫn)}, R+ = {ǫi ± ǫj , 1 ≤ i < j ≤ n}.
Since
Rsym0 = {±(ǫn−1 + ǫn)} (41)
and σ(ǫn−1 + ǫn) = −ǫn−1 + ǫn, condition (26) is satisfied. Since k is a
subalgebra, (41) together with
[Eǫn−1+ǫn, E−(ǫn−1+ǫn)] =
1
2(n− 1)(Hn−1 +Hn)
imply that Hn−1 +Hn belongs to h0. Thus,
h0 = (Ker(ǫn−1 + ǫn) ∩ h0)⊕ Span(Hn−1 +Hn).
Let
R′0 := R
+ \ {ǫn−1 ± ǫn} = R0 \ {±(ǫn−1 + ǫn)}.
For simplicity, we assume that for any α ∈ R′0,
α|
Ker(ǫn−1+ǫn)∩h0
6≡ 0 (42)
Remark that the above condition is automatically true, when α = ǫi ± ǫj ,
i < j ≤ n− 1 (recall that σ|R′ = −1 and h0 + h¯0 = h). It also holds for any
α ∈ R′0, when h0 = h.
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Theorem 25. Any closed 2-form ω on the Lie algebra k defined in (40) is
given by
ω = (ǫn−1 + ǫn) ∧
(
aωǫn−1+ǫn + bω−(ǫn−1+ǫn)
)
+ cωǫn−1+ǫn ∧ ω−(ǫn−1+ǫn)
+ ω̂0 +
∑
α∈R′0
cαα ∧ ωα + 1
2
∑
α∈R′0
Nαβcα+βωα ∧ ωβ
+
1√
2(n− 1)
∑
i<n−1
ωǫn−1+ǫn ∧
(
cǫi+ǫn−1ωǫi−ǫn − cǫi+ǫnωǫi−ǫn−1
)
+
1√
2(n− 1)
∑
i<n−1
ω−(ǫn−1+ǫn) ∧
(
cǫi−ǫnωǫi+ǫn−1 − cǫi−ǫn−1ωǫi+ǫn
)
+
1
2
∑
i<n−1
(ǫn−1 + ǫn) ∧
(
cǫi+ǫnωǫi+ǫn + cǫi+ǫn−1 ∧ ωǫi+ǫn−1
)
− 1
2
∑
i<n−1
(ǫn−1 + ǫn) ∧
(
cǫi−ǫnωǫi−ǫn + cǫi−ǫn−1 ∧ ωǫi−ǫn−1
)
where ω̂0 ∈ Λ2(h0) is such that
ω̂0(Hn−1 +Hn, ·) = 0,
a, b, c ∈ C and cα ∈ C, for any α ∈ R′0. The pair (k, ω) is so2n−1,1-admissible,
hence it defines a regular generalized complex structure on SO2n−1,1, if and
only if the real 2-form Im (ω̂0) is non-degenerate on h0 ∩ so2n−1,1.
Proof. To describe all closed 2-forms on k , we set
p := (Ker(ǫn−1 + ǫn) ∩ h0) + g(R′0)
and
s := C(Hn−1 +Hn) + gǫn−1+ǫn + g−(ǫn−1+ǫn).
Then k = s⊕ p is a semidirect decomposition, with subalgebra s and ideal p,
and we can use Proposition 10 to describe all closed 2-forms on k. Decompose
ω as
ω = ρ0 + ρ1 + ρ2,
where ρ0 ∈ Λ2(s∗) and ρ1 ∈ Λ2(p∗) are the s, respectively p-parts of ω and
ρ2 ∈ p∗ ∧ s∗ is the mixed part. It is easy to see that any 2-form
ρ0 = (ǫn−1 + ǫn) ∧
(
aωǫn−1+ǫn + bω−(ǫn−1+ǫn)
)
+ cωǫn−1+ǫn ∧ ω−(ǫn−1+ǫn) (43)
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on s is closed. Now we determine all closed 2-forms ρ1 on p. Using (42), an
argument like in Theorem 16 shows that any closed 2-form on p is given by
ρ1 = ω̂0 +
∑
α∈R′0
cαα ∧ ωα + 1
2
∑
α,β∈R′0
Nαβcα+βωα ∧ ωβ (44)
where cα ∈ C for any α ∈ R′0 and ω̂0 is any 2-form defined on Ker(ǫn−1 +
ǫn) ∩ h0. It remains to determine the mixed part ρ2 of ρ, which satisfies
ρ2([s, s
′], p) + ρ2([s
′, p], s) + ρ2([p, s], s
′) = 0 (45)
and is related to ρ1 by
ρ2(s, [p, p
′]) = ρ1([s, p], p
′) + ρ1(p, [s, p
′]) (46)
for any s, s′ ∈ s and p, p′ ∈ p. A straightforward computation shows that
(45) is equivalent to the following conditions:
i) for any H ∈ Ker(ǫn−1 + ǫn) ∩ h0,
ρ2(H, ·) = 0. (47)
ii) for any α ∈ R′0 such that α + ǫn−1 + ǫn /∈ R and α− (ǫn−1 + ǫn) /∈ R,
ρ2(Hn−1 +Hn, Eα) = 0;
iii) for any α ∈ R′0,
ρ2(Eǫn−1+ǫn, Eα) =
Nǫn−1+ǫn,α
α(Hn−1 +Hn) + 2
ρ2(Hn−1 +Hn, Eα+ǫn−1+ǫn)
ρ2(E−(ǫn−1+ǫn), Eα) =
N−(ǫn−1+ǫn),α
α(Hn−1 +Hn)− 2ρ2(Hn−1 +Hn, Eα−(ǫn−1+ǫn)).
On the other hand, with ρ1 and ρ2 as above, relation (46) is equivalent to
cαα(Hn−1 +Hn) = ρ2(Hn−1 +Hn, Eα), ∀α ∈ R′0 (48)
(here we use condition (42)). Combining this relation with the above expres-
sions of ρ2(Eǫn−1+ǫn, Eα) and ρ2(E−(ǫn−1+ǫn), Eα) we get: for any α ∈ R′0,
ρ2(Eǫn−1+ǫn, Eα) = Nǫn−1+ǫn,αcα+ǫn−1+ǫn (49)
ρ2(E−(ǫn−1+ǫn), Eα) = N−(ǫn−1+ǫn),αcα−(ǫn−1+ǫn). (50)
From (47), (48), (49) and (50), we get
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ρ2 =
∑
α∈R′0
Nǫn−1+ǫn,αcα+ǫn−1+ǫnωǫn−1+ǫn ∧ ωα
+
∑
α∈R′0
N−(ǫn−1+ǫn),αcα−(ǫn−1+ǫn)ω−(ǫn−1+ǫn) ∧ ωα
+
1
2
∑
α∈R′0
cαα(Hn−1 +Hn)(ǫn−1 + ǫn) ∧ ωα.
Using the expression of the structure constants Nαβ we can further simplify
ρ2 and we conclude:
ρ2 =
1√
2(n− 1)
∑
i<n−1
ωǫn−1+ǫn ∧
(
cǫi+ǫn−1ωǫi−ǫn − cǫi+ǫnωǫi−ǫn−1
)
+
1√
2(n− 1)
∑
i<n−1
ω−(ǫn−1+ǫn) ∧
(
cǫi−ǫnωǫi+ǫn−1 − cǫi−ǫn−1ωǫi+ǫn
)
+
1
2
∑
i<n−1
(ǫn−1 + ǫn) ∧
(
cǫi+ǫnωǫi+ǫn + cǫi+ǫn−1 ∧ ωǫi+ǫn−1
)
− 1
2
∑
i<n−1
(ǫn−1 + ǫn) ∧
(
cǫi−ǫnωǫi−ǫn + cǫi−ǫn−1 ∧ ωǫi−ǫn−1
)
. (51)
Combining (43), (44) and (51) we get the first claim. The second claim is
trivial.
5.3 Generalized complex structures on the real Lie
groups E6 of outer type
a) Description of the real forms (e6)
σ of outer type of e6
We follow the description of the exceptional complex Lie algebra e6 given
in [14, p. 80]. The complex Lie algebra e6 has dimension 78 and rank 6. We
take h = C6 for the Cartan subalgebra. Let {e1, · · · , e6} be the standard
basis of C6, with dual basis {ǫ1, · · · , ǫ6}. The Killing form restricted to h is
〈x, y〉 = 24
6∑
i=1
ǫi(x)ǫi(y) + 8(
∑
i
ǫi(x))(
∑
j
ǫj(y)).
The root system R is formed by ±(ǫi− ǫj) with 1 ≤ i < j ≤ 6, ±(ǫi+ ǫj+ ǫk)
with 1 ≤ i < j < k ≤ 6 and ±(ǫ1 + · · ·+ ǫ6). A system of simple roots is
Π = {α1 = ǫ1 − ǫ2, α2 = ǫ2 − ǫ3, · · · , α5 = ǫ5 − ǫ6, α6 = ǫ4 + ǫ5 + ǫ6}.
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The complex Lie algebra e6 has two real forms of outer type, with maximally
compact subalgebras f4 and sp4. The Vogan diagram of e6(f4) has no painted
node and an automorphism of order two, given by the horizontal reversing in
the Dynkin diagram of e6. The Vogan diagram of e6(sp4) is the same, the only
difference being that the triple node from the Dynkin diagram is painted, see
[10, p. 361]. This means that the Cartan involutions of e6(f4) and e6(sp4)
induce the same canonical order two automorphism of the Dynkin diagram
of e6, given, in terms of the simple roots from Π, by
θ(α1) = α5, θ(α2) = α4,
θ(α3) = α3, θ(α6) = α6.
Similarly, the defining antiinvolutions σ of e6(f4) and e6(sp4) induce the same
action on R:
σ(α) = −θ(α), ∀α ∈ R.
We shall denote by hσ = he6(f4)
= he6(sp4) the common maximally compact
Cartan subalgebras of e6(f4) and e6(sp4), defined as in (29). For e6(f4) both
roots α3 and α6 are compact, while for e6(sp4), α3 is non-compact and α6 is
compact, with respect to hσ.
b) σ-positive systems of the Lie algebra e6
We denote by the same symbol σ the antiinvolutions of e6 which define the
real forms e6(f4) and e6(sp4), like in the previous paragraph. The following
Proposition describes all σ-positive systems in R.
Proposition 26. Any σ-positive system of R is equivalent to one of the
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following σ-positive systems:
R
(1)
0 = {±(ǫi − ǫj)}1≤i<j≤3 ∪ {ǫi − ǫj}i≤3,j≥4 ∪ {ǫi + ǫj + ǫk, ǫ1 + · · ·+ ǫ6};
R
(2)
0 = {±(ǫi − ǫj)}1≤i<j≤3 ∪ {ǫi − ǫj}i≤3,j≥4 ∪ {ǫi + ǫj + ǫk 6= ǫ4 + ǫ5 + ǫ6}
∪ {−(ǫ4 + ǫ5 + ǫ6), ǫ1 + · · ·+ ǫ6};
R
(3)
0 = {±(ǫi − ǫj)}1≤i<j≤3 ∪ {ǫi − ǫj}i≤3,j≥4 ∪ {−(ǫi + ǫj + ǫk)}
∪ {−(ǫ1 + · · ·+ ǫ6)};
R
(4)
0 = {±(ǫi − ǫj)}1≤i<j≤3 ∪ {ǫi − ǫj}i≤3,j≥4 ∪ {−(ǫi + ǫj + ǫk) 6= −(ǫ1 + ǫ2 + ǫ3)}
∪ {ǫ1 + ǫ2 + ǫ3,−(ǫ1 + · · ·+ ǫ6)};
R
(5)
0 = {±(ǫi − ǫj)}1≤i<j≤3 ∪ {ǫi − ǫj}i≤3,j≥4 ∪ {−(ǫi + ǫ5 + ǫ6)}i≤4
∪ {−(ǫi + ǫ4 + ǫ6)}i≤3 ∪ {ǫi + ǫj + ǫ6}i,j≤3 ∪ {−(ǫi + ǫ4 + ǫ5)}i≤3
∪ {ǫi + ǫj + ǫ5}i,j≤3 ∪ {ǫi + ǫj + ǫ4}i,j≤3 ∪ {ǫ1 + ǫ2 + ǫ3, ǫ1 + · · ·+ ǫ6};
R
(6)
0 = {±(ǫi − ǫj)}1≤i<j≤3 ∪ {ǫi − ǫj}i≤3,j≥4 ∪ {−(ǫi + ǫ5 + ǫ6)}i≤4
∪ {−(ǫi + ǫ4 + ǫ6)}i≤3 ∪ {ǫi + ǫj + ǫ6}i,j≤3 ∪ {−(ǫi + ǫ4 + ǫ5)}i≤3
∪ {ǫi + ǫj + ǫ5}i,j≤3 ∪ {ǫi + ǫj + ǫ4}i,j≤3 ∪ {ǫ1 + ǫ2 + ǫ3,−(ǫ1 + · · ·+ ǫ6)}.
Moreover, the image of R
(k)
0 (1 ≤ k ≤ 6) through the antiinvolution σ is
given by:
σ(R
(1)
0 ) = {±(ǫi − ǫj)}4≤i<j≤6 ∪ {ǫj − ǫi}i≤3,j≥4 ∪ {−(ǫi + ǫj + ǫk),−(ǫ1 + · · ·+ ǫ6)};
σ(R
(2)
0 ) = {±(ǫi − ǫj)}4≤i<j≤6 ∪ {ǫj − ǫi}i≤3,j≥4 ∪ {ǫ4 + ǫ5 + ǫ6,−(ǫ1 + · · ·+ ǫ6)}
∪ {−(ǫi + ǫj + ǫk) 6= −(ǫ4 + ǫ5 + ǫ6)};
σ(R
(3)
0 ) = {±(ǫi − ǫj)}4≤i<j≤6 ∪ {ǫj − ǫi}i≤3,j≥4 ∪ {ǫi + ǫj + ǫk} ∪ {ǫ1 + · · ·+ ǫ6};
σ(R
(4)
0 ) = {±(ǫi − ǫj)}4≤i<j≤6 ∪ {ǫj − ǫi}i≤3,j≥4 ∪ {ǫi + ǫj + ǫk 6= ǫ1 + ǫ2 + ǫ3}
∪ {−(ǫ1 + ǫ2 + ǫ3), ǫ1 + · · ·+ ǫ6};
σ(R
(5)
0 ) = {±(ǫi − ǫj)}4≤i<j≤6 ∪ {ǫj − ǫi}i≤3,j≥4 ∪ {ǫi + ǫ5 + ǫ6}i≤4
∪ {ǫi + ǫ4 + ǫ6}i≤3 ∪ {−(ǫi + ǫj + ǫ6)}i,j≤3 ∪ {ǫi + ǫ4 + ǫ5}i≤3
∪ {−(ǫi + ǫj + ǫ5)}i,j≤3 ∪ {−(ǫi + ǫj + ǫ4)}i,j≤3 ∪ {−(ǫ1 + ǫ2 + ǫ3)}
∪ {−(ǫ1 + · · ·+ ǫ6)};
σ(R
(6)
0 ) = {±(ǫi − ǫj)}4≤i<j≤6 ∪ {ǫj − ǫi}i≤3,j≥4 ∪ {ǫi + ǫ5 + ǫ6}i≤4
∪ {ǫi + ǫ4 + ǫ6}i≤3 ∪ {−(ǫi + ǫj + ǫ6)}i,j≤3 ∪ {ǫi + ǫ4 + ǫ5}i≤3
∪ {−(ǫi + ǫj + ǫ5)}i,j≤3 ∪ {−(ǫi + ǫj + ǫ4)}i,j≤3 ∪ {−(ǫ1 + ǫ2 + ǫ3)}
∪ {ǫ1 + · · ·+ ǫ6}.
Proof. The proof is long but straightforward, and uses the action of σ on
roots and the properties of σ-positive systems (see Definition 13). We give
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only the sketch of the argument. Let R0 be a σ-positive system of R and
R˜ = [α1, α2, α4, α5]
the closed set of roots consisting of all roots from R which are linear combi-
nations of the simple roots αi, for i = 1, 2, 4, 5. Since R˜ has two irreducible
components and R˜ = (R˜∩R0)∪
(
R˜ ∩ σ(R0)
)
is a decomposition of R˜ into a
disjoint union of two closed subsets, we may assume, replacing if necessary,
R0 by σ(R0), that:
R˜ ∩ R0 = [α1, α2], R˜ ∩ σ(R0) = [α4, α5].
In particular,
[α1, α2] = {±(ǫ1 − ǫ2),±(ǫ2 − ǫ3),±(ǫ1 − ǫ3)} ⊂ R0.
Since σ interchanges the pairs (α3, α6) and (−α3,−α6), replacing again, if
necessary, R0 by −R0, we have the following two possibilities: either
{±(ǫ1− ǫ2),±(ǫ2− ǫ3),±(ǫ1− ǫ3), α3 = ǫ3− ǫ4, α6 = ǫ4+ ǫ5+ ǫ6} ⊂ R0 (52)
or
{±(ǫ1− ǫ2),±(ǫ2− ǫ3),±(ǫ1− ǫ3), α3 = ǫ3− ǫ4,−α6 = −(ǫ4+ ǫ5+ ǫ6)} ⊂ R0.
(53)
Using that R0 is a σ-positive system one may check if (52) holds then R0 =
R
(1)
0 . Assume now that (53) holds. We distinguish two further subcases:
when
ǫ3 + ǫ5 + ǫ6 ∈ R0 (54)
and, respectively, when
ǫ3 + ǫ5 + ǫ6 ∈ σ(R0). (55)
When (53) and (54) hold, R0 = R
(2)
0 . Assume now that (53) and (55) hold.
It turns out that if
− (ǫ2 + ǫ3 + ǫ6) ∈ R0 (56)
then R0 = R
(3)
0 , provided that −(ǫ1 + ǫ2 + ǫ3) ∈ R0, or R0 = R(4)0 , provided
that −(ǫ1 + ǫ2 + ǫ3) ∈ σ(R0). If (53) and (55) hold but (56) does not, then
R0 = R
(5)
0 , provided that ǫ1 + · · · + ǫ6 ∈ R0, or R0 = R(6)0 , provided that
ǫ1 + · · ·+ ǫ6 ∈ σ(R0).
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c) eσ6 -admissible pairs
We preserve the notations from the previous paragraphs. We denote by
k(k) := h
(k)
0 + g(R
(k)
0 )
a regular subalgebra of e6, normalized by h
σ, with root system R
(k)
0 (1 ≤
k ≤ 6) described in Proposition 26 and with Cartan part h(k)0 ⊂ h, satisfying
h
(k)
0 + σ(h
(k)
0 ) = h. Since
R
(k),sym
0 = {±(ǫi − ǫj), 1 ≤ i 6= j ≤ 3}
and
σ(R
(k),sym
0 ) = {±(ǫi − ǫj), 4 ≤ i 6= j ≤ 6}
for any 1 ≤ k ≤ 6, condition (26) is satisfied. Moreover,
Span(R
(k),sym
0 )
♭ = {
3∑
i=1
λiei,
3∑
i=1
λi = 0}
is included in h
(k)
0 , because k
(k) is a subalgebra.
Theorem 27. For any 1 ≤ k ≤ 6, the 2-form ω(k) on k(k), defined by
ω(1) := ω̂(1) + λ1(ǫ4 + ǫ5 + ǫ6) ∧ ωǫ4+ǫ5+ǫ6
ω(2) := ω̂(2) + λ2(ǫ4 + ǫ5 + ǫ6) ∧ ω−(ǫ4+ǫ5+ǫ6)
ω(3) := ω̂(3) + λ3(ǫ1 + ǫ2 + ǫ3) ∧ ω−(ǫ1+ǫ2+ǫ3)
ω(4) := ω̂(4) + λ4(ǫ1 + ǫ2 + ǫ3) ∧ ωǫ1+ǫ2+ǫ3
ω(5) := ω̂(5) + λ5(ǫ1 + · · ·+ ǫ6) ∧ ωǫ1+···+ǫ6
ω(6) := ω̂(6) + λ6(ǫ1 + · · ·+ ǫ6) ∧ ω−(ǫ1+···+ǫ6)
where λk ∈ C and ω̂(k) is a 2-form on h(k)0 with
ω̂(k)(ei − ej, ·) = 0, ∀1 ≤ i, j ≤ 3, (57)
is closed. If, moreover, Im
(
ω̂(k)
)
is non-degenerate on h
(k)
0 ∩hσ, then (k(k), ω(k))
is an admissible pair and it defines a regular generalized complex structure
on the real Lie group (E6)
σ.
Proof. We only prove the statement for ω(1), the proofs for the remaining
ω(k), 2 ≤ k ≤ 6, being similar. Recall the formula for the exterior derivative
of a covector β ∈ (k(1))∗:
d
k
(1)β(X, Y ) = −β([X, Y ]), ∀X, Y ∈ k(1). (58)
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From (57) and (58), ω̂(1) is closed on k
(1) (see also (25)). Since the root
ǫ4 + ǫ5 + ǫ6 ∈ R(1)0 cannot be written as a sum of two roots, both from R(1)0 ,
relation (58) implies that
d
k
(1) (ωǫ4+ǫ5+ǫ6) = −(ǫ4 + ǫ5 + ǫ6) ∧ ωǫ4+ǫ5+ǫ6. (59)
Also,
d
k
(1)(ǫ4 + ǫ5 + ǫ6) = 0, (60)
where in (60) we used that ǫ4+ ǫ5+ ǫ6 annihilates Span(R
(1),sym
0 )
♭. From (59)
and (60), (ǫ4 + ǫ5 + ǫ6) ∧ ωǫ4+ǫ5+ǫ6 is closed on k(1). Thus ω(1) is also closed.
Remark 28. 1. All regular g-admissible pairs (k, ω) from this section have
the property that the root system R0 of k is a σ-positive system. The
problem of constructing more general regular g-admissible pairs, with
σ-parabolic system R0, is left open.
2. In this paper we studied in detail regular generalized complex struc-
tures on semisimple Lie groups. The problem of constructing invariant
generalized complex structures on these groups, which are not regular,
remains open. Further investigation in this direction is needed and will
hopefully be done in a forthcoming paper.
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